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1. Introduction

The subject of operational calculus is an important branch of mathematics which opens
many vistas for the application of mathematics to solve either analytically or numerically
many problems which arise in physics, applied mathematics, engineering and other
relevant disciplines of study including astronomy, etc. We as students and teachers of
mathematics at the advanced undergraduate or post graduate level and also as students
of engineering and physics courses are most frequently confronted first of all with the
introduction of Laplace transforms in our courses in operational calculus. The domain of
application of the Laplace transforms and other integral transforms in applied
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mathematics, engineering and physics problems is so vast that mathematicians over the
decades have come up with various extensions of the classical Laplace transform — like
the Laplace transform for functions of matrix arguments [9, 10], the g-Laplace transform
(i.e., the basic analogue of the Laplace transform) [11, 17, 18, 19], the degenerate Laplace
transform [12-16], etc. The ever growing applications of the Laplace transforms in
different and diverse branches of study have led many researchers to explore the Laplace
transforms of many special functions and record them in mathematical literature [1-6] so
that these results may be found useful by the research community in other disciplines to
solve the problems encountered by them in their respective research fields where these
results have often come to their rescue as handy mathematical tools to crack the complex
problems in hand.

A number of researchers have devoted their painstaking efforts to find the Laplace
transforms of a number of special functions and these are very widely scattered in the
literature. Systematic efforts have been made to collect these formulae and record them
in a consolidated manner in the form of authoritative handbooks [1-6]. The Laplace
transforms of many widely used special functions can be found tabulated in [2-6]. Mathai
[10] discusses the Laplace transforms of a number of multiple hypergeometric functions
of matrix arguments with real symmetric positive definite matrices and Hermitian positive
definite matrices as arguments. The author has also generalized a number of Laplace
type integrals of multiple hyprgeometric functions of matrix arguments in [9] and in a
number of his preprints which can be found in the references listed in [9]. In a very recent
paper Kim and Lee [20] have established the Laplace transforms of some generalized

hypergeometric functions of the type ;F,. While going through this paper the author

found some minor typing errors in four out of the seven results established in that paper.
Further, the authors of [20] have also stated some preliminary results in the introductory
part of their paper, but they have not given the Laplace transforms of the corresponding
generalized hypergeometric functions in the second part of their paper which can be
deduced by using these results. Therefore, in this paper we aim to point out the minor
typos in the four results of Kim and Lee [20] and also deduce the Laplace transforms of
three remaining hypergeometric functions of the type F  for which the preliminary
results are already stated in the first section of [20].

The paper consists of two sections — the necessary background material
and essential results are stated in the first section of the paper, while the three main
results are deduced in the second section of the paper with the help of these foundation
results.

It is well known that the Laplace transform of a function f(t) of the variable t
defined for t >0, denoted by L { f (t)}, is defined by the integral (see, for instance, [8,
(1), p.1], or, Chapter 3 [21])

_ I
L{f(t)}=F(s)=], e*f(t)dt (1.1)
if the integral in (1.1) converges for some value of the complex parameter s. For
sufficient conditions for the existence of the Laplace transform of a function f(t), we

refer the reader to the Theorem 1-1, p.2 and the Problem 145, p.38 of [8] or, to the

Section 3.3 of [21]. The generalized multiple hypergeometric function, denoted by F,,
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having p numerator parameters a, -, a, and q denominator parameters ﬂl,---,ﬁq is
defined by the following equation (see, for instance, (23), p.19 [22])

O T PP B . Mz_n
qu|:ﬂl,"',ﬂq,Z:|_ qu[al’ s By 'ﬂq’z}_g(ﬂl)n...(ﬂq)n n! (1.2

where, (a) =a(a+1)---(a+n-1);(a) =1 is the Pochhammer symbol (shifted factorial).
In the multiple hypergeometric series (1.2), p and q are positive integers or zero and the
numerator parameters ¢, -+, &, and the denominator parameters ﬂl,---,ﬂq are complex
numbers and

B;#0,-1-2,...;j=12,...,q (1.3)
Then, if none of the numerator parameters in (1.2) is zero or negative (see, p.20 [22]), the
series in (1.2) under the restrictions (1.3) — (i) converges for |z|<o if p<q; (ii)
converges for |Z| <1 if p=qg+1 and (iii) diverges for all z,z=0, if p>qg+1. Again, if we
let = iﬂ, —Zp:aj then the series |F , with p=q+1 is — (i) absolutely convergent for

i=1 =1

|z|=1 if Re(w)>0; (ii) conditionally convergent for |z|=1z=1 if -1<Re(w)<0, and
(iii) divergent for |z|=1if Re(w)<-1.
We mention the following result from [6] (see 3.38.1.1, p. 546 [6])

[Cex F, [(am):(bn):—wX]dh%mﬂFn {“ Zt()a ’“);%} (1.4)

where (a,)=a,---,a,;(b,)=b,--,b, [m+n=0a,#0,-1-2,...; j=12,...,m; any of the
the following three groups of conditions holds: 1) m=n>0;Re u>-1,Rew>0;Re p>0;
2) m=n>0;Reu>-LRep>0;7/2<largew|<37/2; 3) m<n-LReu>-1Rep>0;
@ is arbitrary]. Letting p=s,u=v-1m=p,n=q,0w—>-w,a=a,b=/L,x=t changes

(1.4) into
Vlall...lap . a)

®© _—styy-1 F al’”"ap. dt = -v F
[ et R, P t=C(v)s™ ,.F, B 'S (1.5)

with one of the following conditions holding: 1) when p<q,Rev>0,Res>0 and o is
arbitrary; 2) when p=q>0,Rev >0,Res>Rew. This result is also stated in Kim and Lee
[20] as (2) on p.74[20].

We now list the fundamental results on the basis of which the results missing in
the paper of Kim and Lee [20] will be established in section 2 of this paper or the
corrections (minor typos) will be pointed out in their established results. The following
result is given in (18), p.77 of Kim and Lee [20]. For a nonnegative integer n,

-n, a, c+1 a+n)(b-a-1 c(l+a-b

3F2 ,1 :( )( )n,a: ( ) (1.6)
b, ¢ a (b). a-c

The following summation theorems can be found in Slater [7] at the indicated positions.

Kim and Lee [20] also mention these results in their paper at the places as noted below:
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a, 1+%, b, ¢ F(;Jrajl‘(1+a—b—cjl‘(l+a—b)1‘(1+a—c)
.1 —

4|:3a T 151 212a .7)
= - - I'N=+—-b|I'l =+=—-c |I'(1+a)'(1+a-b-c
2,1+a b,1+a—c (2+2 ) (2+2 j (1+a)r(1+ )

Slater ([7] (111.22), p.245); Kim and Lee ([20], (20), p.77).
a, 1+§, b, ¢ d
5F4 2 11
%, 1+a-b, 1+a-c, 1+a-d
_I'(l+a-b)r(1+a-c)r(1+a-d)r(1+a-b—c-d) (1.8)
" T(l+a)l(1+a-b-c)I(1+a-b-d)I(1+a-c—d) '
Slater ([7], (111.12), p.244); Kim and Lee ([20], (25), p.78).
a, 142, b ¢ d, e
6F5 2 ;-1
%, l+a-b, 1+a-c, 1+a-d, 1+a—-e
:F(1+a—b)F(1+a—c)F(1+a—d)F(1+a—e)X
I'(a)I(1+a)l'(1+a-c—d)l'(a+c+e)
(S I
(1.9)
r(m_b_d)r(lﬁ_c_e]
2 2 2 2 2 2
where 1=b+c=d +e. Slater ([7], (111.27), p.245); Kim and Lee ([20], (26), p.78).
a 1+E b, —n
e 1 (1+a-b) (-2b) '
%, 1+a-b, 1+2b—n ( n n
Slater ([7], (111.17), p.24); Kim and Lee([20], (22), p.77).
1
a, 1+E, b, —n (a—2b-1) (a+—bj (-b-1)
2 ) n 2 2 N n
+F 1= 1 (1.11)
E, 1+a-b, 2+2b—n (1+a-b) (——bj (-2b-1)
2 n 2 2 0 n
Slater ([7], (111.18), p.244), Kim and Lee ([20], (23), p.77).
a l+E b+n, —n
cl2n272 T | _(b-a), 1.12)
]I b 1. b "1 (b) '
-, —+—, 1+a n
2 2 2

Slater ([7], (111.20), p.245); Kim and Lee ([20], (24), p.77).

2. Results for The Laplace Transforms of | Fp

With the above results we now proceed first to restate some results (in their correct
forms) concerning the Laplace transforms of certain hypergeometric functions of the type
o F, for particular values of p, which have been derived by Kim and Lee [20], but some

3571 | International Journal of Engineering, Science and Mathematics, Vol.7, Issue3, March2018
http://www.ijmra.us; www.ijesm.co.in Email: editorijmie@gmail.com




ISSN: 2320-0294 L Impact Factor: 6.765
Lalit Mohan Upadhyaya: Laplace Transforms of Generalized Hypergeometric Functions | F - |

minor typographical errors have crept in their published results, which (as far as this
author thinks) may perhaps be due to some inadvertent errors in the typing of their
manuscript of this paper [20]. For p=q=2, (1.5) yields ,as Kim and Lee [20] have noted
in (10), p.75 of [20],

V,a,b_g:| (2 1)

® _—styy— a’b -v
IO et 12|:2Ld;a)t}dt:1“(v)s 3F{ cd s

where Rev >0 and Res>max(Re®,0). In this relation if we put w=s,v=a,a=-n,
b=c+1d =b where, n is a non-negative integer, it yields, as recorded by Kim and Lee

[20] in (29), p.79,

ad -n, c+l_ o san —n,c+1_ 3 a —n,a,c+1_
L{t ZF{ - ;st ;s _Ioe " F, b.c ;st [dt=T"(a)s?,F, b.c 1

L a1 —|—N, c+1 (a+n)I'(a)(b—a-1)
which yields, L<t"",F St [isy= " n (2.2)
b, ¢ s"a(b)
with the help of (1.6). (2.2) gives the correct form of (29), p.79 of Kim and Lee [20], where
ais given in (1.6).
Similarly, the correct form of (34), p.80 of Kim and Lee [20] as given with the aid of (1.7) is
a, b, c

LJt2.F ‘st |:s
33 %, l+a-b, 1+a-c

a) F(l+a—b)1‘(1+a—c)1‘(;+g—b—cj

_ \/;S_(1+§

(2.3)

2ar(1+a—bjl‘(1+a—cjr(1+a—b—c)
2 2 2 2

a 1
We may mention here that the factor F(§+Ej appearing in the numerator on the right

side of (34), p.80 of Kim and Lee [20] should not appear there.
The correct form of (36), p.81 of Kim and Lee[20], given with the aid of (1.8) is

a, 1+§, c, d
Lt F, 2 st ;s
%, l1+a-b, 1+a—-c, 1+a-d

LT(l+a-b)r(1+a-c)(1+a—d)I'(1+a—b—-c—d)
r(1+a)I'(1+a-b—c)I'(1+a-b-d)I'(1+a-c—d)

=T'(b)s (2.4)

It is worth mentioning here that the factor s°* appearing in the numerator on the right
side of (36), p.81 of Kim and Lee[20] should, in fact be s, their remaining expression on
the right side of (36), p.81 is otherwise correct.

The correct form of (37), p.81 of Kim and Lee [20] can be had with the help of (1.9) as

a, 1+%, c, d, e
L{t"* . F, ;—st |;s
%, l+a-b, 1+a-c, 1+a—-d, 1+a-e
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l1+a-b)I'(1+a-c)(1+a—d)(1+a—e) y
I'(a)l(1+a)I'(1+a—c—d)I'(a+c+e)

r 1+E—9—9 r 1+E—E—E
2 2 2 2 2 2
where 1=b+c=d +e.

We mention here that though Kim and Lee [20] have given three more summation
formulas in (22), (23) and (24) on p.77 of their paper [20], which are precisely (1.10),
(1.11) and (1.12) written above, and though they have explicitly declared in the lines (16)
- (19) on p.76 of [20], just above (17), that “Motivated by these work, in our a present
investigation, we aim to obtain new laplace transforms of generalized hypergeometric
functions ,F,(x), ;F,(x),,F,(X) and (F(x). For this, we shall need the following

=I(b)s™ I(

(2.5)

summation theorems ... given respectively by ...", yet, this author has found that they
have nowhere used any of these three formulas in deducing any of their results for the
Laplace transforms of the corresponding generalized hypergeometric functions in the
second section of their paper [20]. Therefore, in order to complete this paper [20] of Kim
and Lee, or say, to augment it, this author decided to write this paper. Below we give
three additional formulas for the Laplace transforms of the generalized hypergeometric
function ;F, which follow from the use of the formulas (22), (23) and (24) on p.77 of the

paper of Kim and Lee [20] (i.e. (1.10), (1.11) and (1.12) above) with a view to augment and
complete this paper of Kim and Lee [20].
If we put p=g=3 in (1.5) with the choice of the parameters

o =aa, =1+%,a3:—n,ﬂ1=%,,82=1+a—b,,83=1+2b—n,v=b and @=s where, n is

a nonnegative integer and then use (1.10) (i.e. the formula (22) p.77 of Kim and Lee [20])
for the resulting ,F; function on the right side of (1.5) yields

a, 1+E, -n
L{t"*,F, st ;s
%, 1+a—b, 1+2b—n

-2b) (-b
:F(b)sfb (a )n( )n
(1+a-b) (-2b)_
For the same choice of parameters in (1.5) as used in deducing (2.6) except,

B, =2+2b—n followed by the application of (1.11) (i.e. the formula (23) p.77 of Kim and
Lee[20]) to the ensuing ,F, function on the right side of (1.5) generates

(2.6)

a, 1+E, -n
2

L{t"*,F, st ;s
a
> 1+a-b, 2+2b—n
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(a—2b—1)n(;+;—bjn(—b—l)n

=I(b)s™ (2.7)
(1+a-b) (a—l—bj (~2b-1)
n 2 2 . n
Finally, with p=qgq=3 and for the choice of parameters
1 a b b 1 a .
a1:§+§,()(2=b+n,()(3=—n,ﬂl=§,ﬂ2:§+§,ﬁ3=l+a,v=§ and w=s in (15) and

then appealing to (1.12) (i.e. the formula (24) p.77 of Kim and Lee[20]) for the consequent
. F; function on the right side of (1.5) produces

2 2
:F[EJS_Z (b-a), (2.8)

We close the paper with the remark that we shall extend this work of Kim and Lee [20] in
our forthcoming papers of this series.
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